Abstract. In this note we classify all homogeneous spaces G/H admitting a G-invariant G 2 -structure, assuming that G is a connected compact Lie group and G acts effectively on G/H. They include a subclass of all homogeneous spaces G/H with a G-invariantG 2 -structure, where G is a compact Lie group. There are many new examples with nontrivial fundamental group. We study a subclass of homogeneous spaces of high rigidity and low rigidity and show that they admit families of invariant coclosed G 2 -structures (resp.G 2 -structures).
Introduction
In recent years manifolds admitting a G 2 -structure have attracted increasing interests of physicists and mathematicians. These manifolds can be geometric models in the theory of superstrings with torsion [12] . In another field, a recent work of H.V.L. is partially supported by grant of ASCR Nr IAA100190701 and M.M. is partially supported by HEC of Pakistan. [9] suggests that a right framework for a gauge theory in dimension 7 is a class of manifolds with non-vanishing torsion G 2 -structure. A main source of computable models of manifolds with G 2 -structures are homogeneous spaces or spaces of co-homogeneity one [17] , [6] , [8] .
Donaldson and Segal
In this note we classify all compact homogeneous spaces M 7 of the form G/H such that G is a connected compact Lie group acting effectively on G/H, admitting a G-invariant structure of G 2 -type or of the non-compact formG 2 -type. This classification extends the classification by Friedrich-Kath-Moroianu-Semmelmann of all simply-connected compact homogeneous nearly parallel G 2 -manifolds in [11] . We study manifolds withG 2 -structure, not only because of their striking similarity with those admitting a G 2 -structure, but they present an interesting class in pseudo Riemannian geometry [19] . We also like to point out that even the classification of symmmetric spaces with holonomy contained inG 2 is open.
Recall that a 7-dimensional smooth manifold M 7 is said to admit a G 2 -structure (resp. aG 2 -structure), if there is a section of the bundle F (M 7 )/G 2 (resp. F (M 7 )/G 2 ) over M 7 , where F (M 7 ) is the frame bundle over M 7 . It is well-known that G 2 (resp. G 2 ) is the automorphism group of a 3-form φ (resp.φ) on R 7 , [25] , [13, p. 114 ], or [3, p. 539] . Such a 3-form φ (resp.φ) is called a 3-form of G 2 -type (resp. G 2 -type). It is known that the GL(R 7 )-orbits of φ andφ are the only open orbits of the GL(R 7 )-action on Λ 3 (R 7 ) * , see e.g. [3] , [15] , [22] . Any 3-form on these open orbits is called a stable 3-form, [15] , or a definite 3-form, if it lies in the orbit of φ, or an indefinite 3-form, if it lies in the orbit ofφ. The existence of a G 2 -structure (resp.G 2 -structure) on a manifold M 7 is equivalent to the existence of a definite differential 3-form φ (resp. indefinite differential 3-formφ) on M 7 . The plan of our note is as follows. In section 2 we collect important properties of the groupsG 2 and G 2 , which are needed for our classification. In section 3 we classify homogeneous manifolds G/H admitting invariantG 2 -structures, where G is a connected compact Lie group and H is a closed Lie subgroup (not necessary connected) of G, see Theorem 3.2.1. This problem is equivalent to finding all pairs (G, H) where H is a closed (hence compact) subgroup of a compact Lie group G such that the image of the isotropy representation ρ(H) is a subgroup ofG 2 ⊂ Gl(7, R). We observe that any such homogeneous space G/H also admits an invariant G 2 -structure, hence ρ(H) is also a subgroup of G 2 ⊂ Gl(7, R). In section 4 we classify all homogeneous manifolds G/H admitting invariant G 2 -structures, where G is a compact Lie group and H is a closed Lie subgroup (not necessary connected) of G, see Theorem 4.2.1. Our classification is reduced to finding all pairs (G, H) such that the image of the isotropy representation ρ(H) is a subgroup of G 2 ⊂ Gl(7, R). We also compute the dimension of the space of all G-invariant G 2 -structures on a homogeneous manifold G/H, see Remark 4.2.2.a. In section 5 we study a special class of homogeneous manifolds G/H admitting invariant G 2 -structures using our classification. Among these spaces there are many known examples of manifolds admitting G 2 -structures. We explain some known properties of these examples using simpler arguments based on our classification. We also present some new results concerning these spaces.
Let us describe the method of our classification. First we notice that G/H admits a G-invariant G 2 -structure (resp.G 2 -structure), if and only if it admits a Ginvariant definite 3-form (resp. indefinite 3-form). In the first step we find all pairs of corresponding Lie algebras (h ⊂ g). In the second step we find the associated pairs of Lie groups (H ⊂ G). The first step is done using representation theory and is fairly standard, even it could be done using some special software package. There is no algorithm known to solve the second problem. So we have developed a set of techniques to find the normalizer of a given connected Lie subgroup, and after that we can find all Lie subgroups (not necessary connected) with a given Lie algebra obtained in the first step.
Finally we remark that the problem we solve in this note is a part of a more general question to classify all homogeneous spaces M = G/H admitting G-invariant G 2 -structures or G-invariant G 2 -structures. If we require M to be compact and with finite fundamental group, by the Montgomery theorem [23, Corollary 3] , M has also a transitive action of a compact subgroup G ′ ⊂ G. Thus G is a subgroup of the full diffeomorphism group of M = G ′ /(G ′ ∩ H) preserving a given G ′ -invariant G 2 -(resp. G 2 -) structure on M .
The groupsG 2 and G 2
In this section we recall the definitions ofG 2 and G 2 . We describe the maximal compact subgroup ofG 2 , which is unique up to conjugacy by elements ofG 2 . We also describe maximal compact subgroups of G 2 . These subgroups are needed for our classifications in sections 3 and 4.
2.1. The groupG 2 and its maximal compact subgroup SO(4). We refer the reader to [3] for a definition and properties of the exceptional Lie groupG 2 . For the convenience of the reader we briefly describe the groupG 2 , which is less familiar than its dual compact group G 2 .
Let , where we proved that G 2 is a subgroup of the automorphism group of the Malcev simple algebra of dimension 7, which is the imaginary part Im O S of the split-octonion algebra O S . Since the multiplication on the Malcev algebra is the imaginary part of the octonion multiplication on Im O S , we get easilyG 2 ⊂ Aut(O S ). The other inclusion Aut(O S ) ⊂G 2 can be verified straightforwardly. A detailed proof for the second assertion of Lemma 2.1.2 can be found in [21] (the first version, which is also available at the arxiv server), namely this assertion is a direct consequence of Lemmas 2.1 and 2.2 proved therein.
As a topological space,G 2 is a direct product of its maximal compact Lie subgroup and a vector space. Lemma 2.1.3. The maximal compact subgroup ofG 2 is SO(4). The inclusion of SO(4) →G 2 → Gl(R 7 ) acts on R 7 with two irreducible subspaces of dimension 3 and dimension 4. Any compact subgroup ofG 2 is conjugate to a subgroup in the maximal compact subgroup SO(4).
The first assertion of Lemma 2.1.3 is known to experts in the Cartan theory of real semisimple Lie groups but we don't find an explicit proof of it in standard text-books. In [21, Corollary 2.4] we give a topological proof of this assertion. For the convenience of the reader we give here another algebraic proof, which explains also the second assertion of Lemma 2.1.3. By [14, Theorem 1.1, p.252] the maximal compact Lie subgroup ofG 2 is connected whose Lie algebra is a maximal compact Lie subalgebra ing 2 . Note that so(4) = su(2) + su(2) is a maximal compact Lie subalgebra ofg 2 which can be described in terms of the root decomposition of the complex Lie algebra g C 2 , namely it is the intersection of the normal formg 2 of g C 2 and the compatible compact form g 2 . Using the weights of the representation of the subalgebra su(2) + su(2) ⊂g 2 on R 7 , it is easy to see that the corresponding connected Lie subgroup inG 2 is SO(4) and the corresponding representation is a sum of two real irreducible representations of dimension 3 and dimension 4. This proves the first and the second assertion of Lemma 2. We now describe another way to construct an explicit embedding of SO(4) intõ G 2 , see [13, chapter IV,(1.9), p. 115], since it will be useful in our computations later. The group Sp(1) × Sp(1) acts on the split-octonion algebra O S = H ⊕ He as follows:
It is easy to see that this action defines an embedding of SO(4) intoG 2 . Thus we can regard this maximal compact subgroup SO(4) as the intersectionG 2 ∩(SO(Im H)× SO(He)). Taking into account [14, Theorem 1.1, p.252] this construction also gives a proof of the first and the second assertion of Lemma 2.1.3.
To distinguish an abstract Lie group SO(4) (resp. a Lie algebra so(4)) with its image insideG 2 (resp.g 2 ) we denote the later one by SO(4) 3,4 (resp. so(4) 3,4 ). Note that the conjugacy class of SO(4) 3,4 in Gl(R 7 ) is defined uniquely by the highest weights of its representation. We denote by su(2) 3,4 the Lie subalgebra in so(4) 3,4 corresponding to the Lie subgroup {χ(q 1 , 1)|q 1 ∈ Sp(1)} in formula (2.1), and by su(2) 0,4 the Lie subalgebra corresponding to the Lie subgroup {χ(1, q 2 )|, q 2 ∈ Sp(1)}. The conjugacy of so(4) 3,4 = su(2) 3,4 + su(2) 2,4 in gl(R 7 ) is defined uniquely up to conjugacy by the highest weights (2, 0) and (1, 1) of the irreducible components of the representation of so(4) explained in Lemma 2.1.3 and in (2.1). The weight (2, 0) corresponds to the irreducible real representation of dimension 3, and the weight (1,1) corresponds to the irreducible real representation of dimension 4. We refer the reader to [24, §8] for a comprehensive exposition of the theory of real representations of real semisimple Lie algebras, or [28, Appendix] for a compact exposition of the theory. Since SO(4) is connected, the conjugacy class of an embedding SO(4) → Gl(R 7 ) is defined uniquely by the representation of its Lie algebra su(2) 1 + su(2) 2 , where su(2) 1 (resp. su(2) 2 ) is the Lie algebra of the first (resp. the second) subgroup Sp(1) defined just before (2.1).
We also remark that there are three non-conjugate subalgebras in so(4) 3,4 which are isomorphic to so(3) = su (2) . We denote by so(3) 3,3 the third Lie subalgebra in this subclass. It is defined by the diagonal embedding of so(3) = su(2) into so(4) 3,4 = su(2) 3,4 + su(2) 0,4 .
We summarize a part of our discussion in the following Lemma 2.1.4. The image of a representationχ : SO(4) → Gl(R 7 ) is conjugate to SO(4) 3,4 ⊂ Gl(R 7 ), if and onlyχ is a sum of two irreducible real representations, one of dimension 3 with the highest weight (2, 0), and the other of dimension 4 with the highest weight (1, 1). 
We observe that φ +φ = 2ω 123 . Dynkin's classical result [10] asserts that the Lie algebra g 2 has exactly three (up to conjugation) maximal subalgebras of dimensions 8, 6 and 3 respectively: su(3), so(4) 3,4 , so(3) 7 , from which we have seen so(4) 3,4 in the previous subsection. The Lie subalgebra su(3) is the intersection g 2 ∩gl(R
, see e.g. [8, §2] for a proof. The Lie subalgebra so(3) 7 is defined by a real irreducible representation of su(2) of real dimension 7.
Let us fix the basis (e i ) of R 7 dual to the basis (e i ). Denote by
. It is easy to check that D 7 preserves the form φ, hence
For any element a of order k in a group G we denote by Z k [a] the cyclic subgroup in G generated by a. Lemma 2.2.2. Any maximal proper subgroup in G 2 is conjugate to one of the following subgroups in
This Lemma is likely known to experts (see e.g. [8, §8, p.112] for a statement without a proof that the normalizer
), but we do not have a reference with a proof of it. For the convenience of the reader we give here a proof of Lemma 2.2.2 using the Dynkin result above, combining with the invariance principle as well as with the Schur's Lemma and its consequence stated below.
-Invariance principle. Suppose that H 0 is a (connected) subgroup of G ⊂ SO(W ). We denote by U the fixed-point subspace of the action of H 0 on W . Then the normalizer N G (H 0 ) preserves the subspace U and its orthogonal complement U ⊥ .
-Schur's Lemma and its consequence. Suppose that the inclusion
, what proves the first assertion. To compute N G2 (SO(4) 3,4 ) we apply the invariance principle to the space W = (
123 is an element of W , and U = φ 0 R is the fixed point subspace of the induced SO(4) 3,4 -action on W . By the invariance principle U is invariant under the induced action of N G2 (SO(4) 3,4 ). Note that for g ∈ N G2 (SO(4) 3,4 ), we have g * (φ 0 ) = ±φ 0 , since g ∈ SO(7). If g * (φ 0 ) = φ 0 , then g must belong to SO (4) In this section we classify homogeneous manifolds G/H admitting G-invariant G 2 -structures, where G is a compact Lie group and H is a closed Lie subgroup (not necessary connected) of G. Since H is a compact Lie group, this problem is equivalent to the classification of all pairs (G, H) such that the image of the isotropy representation ρ(H) is a compact subgroup ofG 2 ⊂ Gl(7, R). In subsection 3.1 we reduce the classification problem to a representation problem, which is essentially linear when we classify only the corresponding Lie algebras (g, h). The hardest part is to find all disconnected closed Lie subgroups H whose isotropy representation maps H into a subgroup ofG 2 . In subsection 3.2 we summarize our classification in a table. We also compute the dimension of the space of G-invariantG 2 -structures on each manifold G/H.
3.1.
Reduction to a representation problem. In this subsection we first find Lie algebras (h ⊂ g) of compact Lie groups (H ⊂ G) such that (G/H) admits a GinvariantG 2 -structure, and then we find the corresponding pairs (H ⊂ G). Though the first step is a standard technique, we describe all these algebras in detail, since we use this description in the second step.
Let G be a connected compact Lie group which acts transitively on a connected compact smooth manifold M 7 = G/H. Without lost of generality we can assume that G acts effectively on M .
Let , g be a left and right invariant metric on G. Denote by ρ the isotropy representation of H on the tangent space T eH G/H = R 7 . Let g (resp. h) be the Lie algebra of G (resp. H). We write g = h+ V , where V is the orthogonal complement to h w.r.t. , g . Denote byρ the induced isotropy action of h on V . Since the action of G is almost effective, kerρ = 0.
Taking into account Lemma 2.1.3 and our discussion at the end of subsection 2.1 we get immediately Lemma 3.1.1. G/H admits a G-invariantG 2 -structure if and only if ρ(H) lies in a compact subgroup SO(4) 3,4 ⊂ Gl(V ). Consequently, the Lie subalgebraρ(h) ⊂ so(4) 3,4 is one of the following subalgebras 1)ρ(h) = so(4) 3,4 ; (we shall use " = ", "be", "coincide with", "equal to" for "be conjugate to", if no misunderstanding arises).
2)ρ(h) = so(3) with three possible embeddings into so(4) 3,4 :
3)ρ(h) = so(3) + R with two possible embeddings into so(4) 3,4 ; (3a) -the summand so(3) ⊂ρ(h) coincides with su(2) 3,4 , (3b) -the summand so(3) ⊂ρ(h) coincides with su (2) (2) (there are infinitely many inequivalent embeddings of so(2) into so(4)).
6)ρ(h) = 0.
Let us explain our method to find all pairs (H ⊂ G) satisfying the conditions in our classification.
By Levy decomposition theorem we can represent G as a quotient (
sc is a connected simply-connected semisimple compact Lie group and Z is a finite central subgroup ofĜ = G sc ×T k . Denote by p the projectionĜ → G. Note that the action ofĜ onĜ/p −1 (H) is almost effective. Moreover the image of the isotropy action of p −1 (H) on V coincides with the image of the isotropy action of H on V . HenceĜ/p −1 (H) admits aĜ-invariantG 2 -structure, if G/H does. Next we observe that the effectiveness of the action of G on G/H is equivalent to the relation Z(G) ∩ H = Id, assuming that the action of G on G/H is almost effective, i.e. kerρ = 0. This is equivalent to the relation Z(Ĝ) ∩ p −1 (H) = Z. Under the assumption thatĜ acts onĜ/H ′ almost effectively, we reduce a classification of all pairs H ⊂ G satisfying our conditions to a classification of all pairs (H ′ ⊂Ĝ) such thatĜ/H ′ admits aĜ-invariantG 2 -structure. To get the corresponding groups
. We solve this problem in the following steps. In the first step, for each possibility among (1) -(6) above, we find all pairs (h ⊂ g) of a compact Lie algebra h of co-dimension 7 in a compact Lie algebra g such that the adjoint representationρ(h) on V is the given possibility, moreover kerρ = 0. Then we find a connected Lie subgroup H 0 ⊂Ĝ with the given Lie algebra h ⊂ g. As we have mentioned above, this step is fairly standard.
In the second step we find all Lie subgroups H inĜ with Lie algebra h obtained in the first step. This subgroup lies in the normalizer NĜ(H 0 ). It is an extension of a finite subgroup Γ in NĜ(H 0 )/H 0 by H 0 . In our note we compute the normalizer of a connected Lie subgroup H 0 in a compact Lie group G by using ad hoc methods for each separate case. The invariance principle as well as the Schur's Lemma and its consequence are also used frequently in our consideration.
In the third step we verify if the isotropy action of this subgroup H on V lifts to an embedding into the group SO(4) 3,4 ⊂G 2 .
In the final step we compute table 10 in [28] . Now we proceed to consider each possibility listed in Lemma 3.1.1. Possibility 1 withρ(h) = so(4) 3,4 . Taking into account Lemma 2.1.4 we conclude that g must be semisimple. Since dim g = 13 and g ⊃ so(4), we conclude that g = so(5) + so(3). Proposition 3.1.2. Suppose thatĜ/H admits aĜ-invariantG 2 -structure such that their corresponding Lie algebras (h ⊂ g) are in possibility 1.
Proof. In this case the embedding Π :
is defined as follows. Π is a direct sum of the canonical embedding Π 0 : h = sp(1) 1 + sp(1) 2 → sp(2) = so(5) ⊂ g and the projection Π 1 from h to the ideal so(3) ⊂ g. In this note we use frequently isomorphism sp(1) = so(3) = su(2), so sp(1) i denotes the same subalgebra so (3) (2) and W ⊥ is the orthogonal complement of W in V . We also denote by Π the lift of the representation Π to the corresponding simply connected Lie group G sc . Let Sp(1) i be the corresponding Lie subgroup in
The subspace W consists of those matrices with vanishing a i and z i . Here is a matrix representation of
By Lemma 2.1.4, the image of the adjoint representation ρ(Sp(1)
Using the invariance principle, we conclude that the normalizer of Sp (1) (1)). This proves the first and the second assertion of Proposition 3.1.2. The last assertion follows from a direct computation.
Possibility 2 with h = so(3). Recall that there are three sub-cases (2a), (2b) and (2c). We denote by SO(3) 3,3 (resp. SU (2) 3,4 , SU (2) 2,4 ) the connected Lie subgroup in SO(4) 3,4 whose Lie algebra is so(3) 3,3 (resp. su(2) 3,4 , su(2) 2,4 ).
From Lemma 2.1.4 we get immediately
can be factored as an embedding Π : so(3) → so(4) 3,4 ⊂ gl(R 7 ), if and only if one of the following three conditions holds.
Case (i). Π is a direct sum of two real irreducible representations of dimension 3 and one trivial representation. In this case the image of the induced embedding Π * (so (3)) is so(3) 3,3 associated with case (2a).
Case (ii). Π is a sum of one real irreducible representation of dimension 4 and one real irreducible representation of dimension 3. In this case the image of the induced embedding Π * (so(3)) is su(2) 3,4 associated with case (2b).
Case (iii). Π is a sum of a real irreducible representation of dimension 4 and three real representations of dimension 1. In this case the image of the induced embedding Π * (so(3)) is su(2) 0,4 associated with case (2c).
Lemma 3.1.3 implies that g cannot contain a commutative ideal of dimension greater than or equal to 4. Taking into account dim g = 10, we conclude that g must be one of the following Lie algebras:
Let us denote the element diag(1, −1, −1, −1, −1) ∈ SO(5) by D 1,4 . We denote by p the projection from Spin(5) to SO (5) 
Let H be a Lie subgroup of a Lie group G and Γ be a finite subgroup of the normalizer N G (H). We denote by H · Γ the Lie subgroup in G generated by H and Γ. If the intersection Γ with H is the neutral element e ∈ G, and Γ is a subgroup of the centralizer Z G (H), then we also write H × Γ instead of H · Γ. Proposition 3.1.4. Suppose thatĜ/H admits aĜ-invariantG 2 -structure such that their corresponding Lie algebras (h ⊂ g) are in possibility 2. Then one of the following case happens. Case (i) withĜ = Spin(5) = Sp(2). Then H is conjugate to one of the following subgroups
Then H is conjugate to SU (2) · Γ, where SU (2) corresponds to the irreducible complex representation of h into su(3) ⊂ g of dimension 2 (case (2c)) and Γ is a finite subgroup of Z(SU (3)) × T 2 . The kernel of thê G-action is Γ.
Proof. In case (i) direct computations on Lie algebras show that there are only two possible (up to a conjugation) embeddings so(3) → so(5) ⊂ gl(R 5 ) whose irreducible components are of real dimensions 3, 4 respectively. The first one has its adjoint representation on V as a sum of two real irreducible representations of dimension 3 and one trivial representation, so it is case (2a). The corresponding pair of connected Lie groups is (Spin(3) ⊂ Spin (5)).
The isotropy representation of the second embedding of h into so (5) is a sum of one real irreducible representation of dimension 4 and three real irreducible representations of dimension 1, so it is case (2c). The corresponding pair of connected Lie groups is (Sp(1) ⊂ Sp(2)).
We now examine which disconnected Lie subgroup H in G satisfies the condition of case (i). First let us assume that its identity connected component H 0 = Spin(3) ⊂ Spin(5) = G satisfies the condition of case (ii), associated with possibility (2a). To find the normalizer N Spin(5) Spin(3) we project it into the group SO(5). The normalizer N SO (5) (3)). Clearly (Ad D1,4 ) |V belongs to SO(4) 3, 4 . Let H ′ be the image of the projection of H on SO(5). Then
A direct calculation shows that the image of the adjoint action of Γ on V preserves the SO(4) 3,4 -invariant subspace
, where a is the generator of the center Z(SO(4)) 3, 4 , which gives us the same conclusion.) A direct computation gives the kernel of the action. Now we assume that H 0 satisfies the condition of case (ii), associated with possibility (2c). Using the invariance principle, we observe that the normalizer
. Thus H is of the form H 0 × Γ, where Γ is a finite subgroup in Sp(1) 2 . We observe that the image of the adjoint representation of H 0 × Sp(1) 2 on V coincides with the subgroup SO(4) 3,4 ⊂ G 2 ⊂ Gl(V ). Thus the adjoint representation of H lifts to an embedding of ρ(H) into SO(4) 3,4 ⊂G 2 ⊂ Gl(V ). This proves Proposition 3.1.4, case (i).
In the second case (ii) the corresponding groupĜ is SU (3) × T 2 . A simple calculation using Lemma 3.1.3 shows that there is only one (up to a conjugation) Lie connected subgroup H ⊂Ĝ such that h = so(3), and the image of the isotropy representation of the corresponding connected Lie group H 0 is a subgroup ofG 2 . The group H 0 is SU (2) ⊂ SU (3) ⊂Ĝ which corresponds to the irreducible complex representation of h of dimension 2. Its isotropy representation is a sum of a real irreducible representation of dimension 4 and three trivial representations, so it corresponds to case (2c).
To complete our examination of this case (ii) we need only to consider the case of a disconnected subgroup H. Suppose that H is a subgroup of N SU(3)×T 2 (H 0 ) having H 0 as its identity connected component. According to the invariance principle,
. Thus H has the form H 0 · Γ, where Γ is a finite subgroup of Z SU(3) (SU (2)) × T 2 . Since the action of Γ on V has at least three trivial components of dimension 1, we conclude that ρ(Γ) is a subgroup of ρ(H 0 ). Hence Γ ⊂ Z(Ĝ) × T 2 . This proves Proposition 3.1.4, case (ii).
In the last case (iii) the corresponding groupĜ is Sp(1) × Sp(1) × Sp(1) × U (1). Using Lemma 3.1.3 we conclude that any connected subgroup H 0 must be embedded diagonally into Sp(1)×Sp(1)×Sp(1). It is easy to check that the isotropy action of H 0 on V is a sum of two real irreducible representations of dimension 3 and one trivial representation of dimension 1, so it corresponds to case (2a). Now we prove that any disconnected subgroup H ⊂Ĝ satisfies the condition of case (iii), if its identity connected component H 0 does. Let us compute NĜ(H 0 ).
Hence the image of NĜ(H 0 ) under its isotropy action on V is equal to the image of the isotropy action of H 0 . This completes the proof of Proposition 3.1.4.
Possibility 3 with h = so(3) + R. Lemma 3.1.3 implies that g cannot contain a commutative ideal of dimension greater than or equal to 5. Since dim g = 11, taking into account g ⊃ h, we conclude that g is one of the following Lie algebras i) 3so
We exclude the last case (iv), since by Lemma 3.1.3 the adjoint representation of h on V restricted to so(3) ⊂ h has no irreducible component of dimension 5, and if this representation has an irreducible component of real dimension 4, the other irreducible subspace has real dimension 3.
Suppose
can be seen as a subgroup of SO(4) 3,4 ⊂ Gl(R 7 ), if and only if one of the following two conditions (i) and (ii) is fulfilled. (i) Π is a sum of one real irreducible component of dimension 4, corresponding to the highest weight (1, 1) on its Cartan subalgebra, and one real irreducible component of dimension 2, corresponding to the highest weight (0, 1) on its Cartan subalgebra, and one trivial component of dimension 1 (soρ(h) is in situation (3b)).
(ii) Π is a sum of one real irreducible component of dimension 4, corresponding to the highest weight (1, 1) on its Cartan subalgebra, and one real irreducible component of dimension 3, corresponding to the highest weight (2, 0) on its Cartan subalgebra (soρ(h) is in situation (3a)).
Using Lemma 3.1.5 (or Lemma 3.1.3) we also exclude the first case (i) of possibility 3 by looking at all possible embeddings of the summand h ⊂ so(3) into g = 2so(3) + R 2 . It remains to consider cases (ii) and (iii).
Proposition 3.1.6. Suppose thatĜ/H admits aĜ-invariantG 2 -structure such that their corresponding Lie algebras (h ⊂ g) are in possibility 3. Then one of the following cases happens. (A detailed description of H will be given in the proof.) In case (ii) withĜ = Sp(2) × U (1) 2 , the Lie subgroup H is SU (2) · U (1) k,l · Γ with k = 0, (k, l) = 1, and Γ is a finite subgroup of U (1) 2 . The kernel of the action is
In case (iii) withĜ = SU (3) × SU (2), the Lie subgroup H is one of the following forms.
Proof. Let us consider case (ii) with g = so(5) + R. We can assume that the projection Π 1 (R) of the summand R ⊂ h on so(5) is nonzero, otherwise the kernel of the isotropy action of h contains R, and the action ofρ(h) is not faithful. A direct computation shows that the embedding of so(3) to so(5) is associated with a real irreducible representation of so(3) of dimension 4 (complex dimension 2), and the projection Π 1 (h) is the Lie algebra of the centralizer Z so(5) (so(3)). A subgroup SU (2) × U (1) ⊂ Sp(2) × U (1) 2 having this Lie algebra is determined by 2 integers (k, l) which are the coordinates of the component U (1) w.r.t. U (1) 1 ⊂ Z Sp(2) (SU (2)) and U (1) 2 . We denote this subgroup by SU (2) · U (1) k,l . By our condition k = 0 and (k, l) = 1. We check easily that the associated isotropy representation of SU (2) · U (1) k,l ⊂ Sp(2) × U (1) 2 corresponds to case (i) in Lemma 3.1.5. Now let us find all Lie subgroups H inĜ satisfying the condition of Proposition 3.1.6, case (ii). By our consideration above it follows that the identity connected component
. Using the invariance principle we conclude that NĜ(H 0 ) = H 0 × U (1) 2 . This proves the first assertion of Proposition 3.1.6, case (ii). The second assertion follows by a direct calculation. Now let us consider case (iii) with g = su(3) + so(3). Denote by Π 1 the projection of h on the summand su(3) ⊂ g and by Π 2 the projection of h on the summand so(3) ⊂ g. Using Lemma 3.1.5 we conclude that Π 1 (R) is nonzero, otherwise the restriction of the isotropy action to the summand R ⊂ h would have at least 5 trivial components. Repeating this argument, we conclude that Π 1 (so (3)) is also nonzero. Clearly the embedding of Π 1 (so(3)) into su(3) ⊂ gl(C 3 ) must correspond to its complex irreducible representation of complex dimension 2, because its image commutes with Π 1 (R). Hence the projection Π 1 (h) is defined uniquely up to automorphisms of su (3) . Hence the embedding of the component U (1) into SU (3) × SU (2) = G sc is characterized by two integers (k, l) which are the coordinates of U (1) w.r.t. U (1) 1 and U (1) 2 , where U (1) 1 = Z SU(3) (SU (2)) and U (1) 2 being a maximal torus of SU (2). Further we observe that there are two possible sub-cases.
If Π 2 (so(3)) is empty, then k = 0 and l = 0. Denote by SU (2) 2,0 · U (1) k,l the connected Lie subgroup of SU (3) × SU (2) having Lie algebra h with this property. Its isotropy representation corresponds to case (3b) in Lemma 3.1.
5.(i).
If Π 2 (so(3)) is not empty, then l = 0, and hence k = 1. Denote by SU (2) 2,3 · U (1) 1,0 the Lie subgroup of SU (3) × SU (2) having Lie algebra h with this property. Its isotropy representation corresponds to case (3a), see also Lemma 3.1.
5.(ii).
Now we consider disconnected Lie subgroups H whose Lie algebra h is in case (iii), the first sub-case (3b). Denote by the same Π i the lift of Π i from g toĜ. Since k · l = 0, we have
Here A (12) 
Let x ∈ H ∩ U (1). Since x commutes with H 0 , if Ad x belongs to SO(4) 3,4 , the image Ad x must belong to Ad U(1) k,l . Hence x ∈ Z(Ĝ). This proves H ⊂ H 0 · Z(Ĝ).
A direct calculation gives the kernel of theĜ-action in this case.
In the next sub-case (3a), using the invariance principle, we conclude that NĜ(SU (2) 2,3 · U (1) 1,0 ) = SU (2) 2,3 · U (1) 1,0 · Z(Ĝ). A direct computation completes the proof of Proposition 3.1.6.
Possibility 4 with h = R 2 . If rk g ≥ 4, then the dimension of the fixed-point of the action of ρ(H) on V is at least 2 which does not agree with the action of the maximal torus of SO (4) ), k = 1, 2, 3}. We note that there is a 1-1 correspondence between connected Lie subgroups H inĜ and connected Lie subgroups H ′ in U (3) having the same Lie algebra h ⊂ g = su(3) + R. Furthermore, NĜ(H) = π −1 (N U(3) (H ′ )), where π :Ĝ → U (3) is the natural projection. Thus it suffices to work with G = U (3). As we will see below, N G (H ′ ) is generated by H ′ and a subgroup Γ ⊂ Z(G). Hence, to get a full list of a classification in case (ii), working with G = U (3) instead ofĜ, we need examine only one extra possibility, if the corresponding connected Lie subgroup H ⊂Ĝ contains D 3 .
Proposition 3.1.7. In case (i) withĜ = SU (2)×SU (2)×SU (2), the Lie subgroup H is of the form U (1) 0,1,−1 ·U (1) 1,0,−1 ·Γ, where Γ ⊂ Z(Ĝ)×Z 2 [(A (12) , A (12) , A (12) )]. The kernel of theĜ-action is
In case (ii) with G = U (3), the Lie subgroup H is of the form of U (1) k,k,k+1 · U (1) m,m+1,m+1 · Γ, where Γ ⊂ Z(G). The kernel of the G-action is Γ. A detailed description of H will be given in the proof below.
Proof. Let us fix a subgroup SO(2) 2,2 ⊂ SO(3) 3,3 ⊂ SO(4) 3,4 . We can choose a subgroup U (1) 0,4 ⊂ SU (2) 0,4 ⊂ SO(4) 3,4 such that these subgroups are generators of a maximal torus of SO(4) 3,4 . Any subgroup U (1) in this torus shall be denoted by U (1) p,q with respect to this lattice.
In case (i) let us fix a maximal torus
, where (k, l, m) are the coordinates with respect to U (1) i . The weights of the adjoint action of ρ −1 (U (1) p,q ) on V are (1, exp ±2k √ −1θ, exp ±2l √ −1θ, exp ±2m √ −1θ) which must coincide with the weights of the representation of U (1) p,q on R 7 which are (1, exp ± √ −1pθ, exp ± √ −1qθ, exp ∓ √ −1(p + q)θ). Taking into account that the isotropy action of U (1) i on V i ⊂ su(2) i is a double covering, we conclude that k = ±p, l = ±q, m = ∓(p + q). Each choice of the sign of the weights of the action of the torus on V 7 corresponds to a different solution of the coordinates (k, l, m) of T 2 . Observing that T 2 is invariant under the inverse map x → x −1 , we have actually only four different solutions for the coordinates (k, l, m). Using the permutations between SU (2) i , we get only three different solutions for
It is easy to see that T (12) , A (12) , A (12) )]. Hence H = H 0 · Γ, where Γ is a finite subgroup in T 3 · Z 2 [(A (12) , A (12) , A (12) )]. Further we note that the element Ad (A (12) ,A (12) ,A (12) 1, −1, 1 −  1, 1, −1) , which belongs to SO(4) 3, 4 .
Clearly the element Ad x in SO(V 7 ) , where x ∈ T 3 , belongs to SO (4) It remains to consider case (ii) with the corresponding group G = U (3). Now we use the notations U (1) 1 , U (1) 2 , U (1) 3 for the generators of the maximal torus of U (3). Suppose that there is (4) 3, 4 . The weights of the isotropy action of
) and the weights of the representation of U (1) p,q are (exp ±p, exp ±q, exp ∓(p + q)). Thus T 2 must be
These two families of solutions are actually mirror identical. Now let us find all disconnected Lie group H whose identity component H 0 is conjugate to the torus
. Since h contains a regular element, it follows that the identity connected component of ZĜ(H 0 ) is a torus T 3 . Denote by lT 3 the Lie algebra of T 3 . Using the invariance principle applying to W 0 we need also to consider the case, when H contains an element of Σ 3 . A direct computation shows that the action Ad x , x ∈ Σ 3 , permuting two coordinates of T 3 acts on the invariant subspace R 3 ⊂ R 7 as (1, 1, −1), hence it does not belong to SO(4) 3,4 . Thus this case cannot happen. This completes our proof.
Possibility 5 with h = R. Clearly rk g ≤ 5, since the action of any group U (1) ⊂ G 2 on R 7 is non-trivial. Since dim g = 8, we conclude that g is one of the following Lie algebras: i) 2so(3) + R 2 , ii) su(3).
The Lie groupĜ with Lie algebra 2so(3)+R
2 is isomorphic to SU (2)×SU (2)×T 2 . By the same argument as in our consideration of possibility 4, case (ii), we can work equally with the group U (2) × U (2) instead withĜ. To distinguish the isomorphic factors U (2) in this decomposition of G, we denote them by U (2) 1 and U (2) 2 .
Proposition 3.1.8. In case (i) with G = U (2) 1 × U (2) 2 , the Lie subgroup H is U (1) k,k+1,l,l+1 · Γ, where Γ is a finite subgroup of Z(G) = U (1) 1 × U (1) 2 . The kernel of this action is Γ. In case (ii) withĜ = SU (3) the Lie subgroup H is U (1) k,l,m × Γ, where (k, l) = 1, and Γ is any finite subgroup of the maximal torus T 2 ⊂ SU (3). If k = l = 1, then H can also take the form U (1) 1,1,−2 · Γ, where Γ is a finite subgroup in SU (2). If k = l, the kernel of theĜ-action is either Id or Z(Ĝ), depending on Γ. If k = l = 1, the kernel of theĜ-action is Z(Ĝ) = Z 3 . A detailed description of H will be given in the proof.
Proof. Let us consider case (i) with
ii is a maximal torus of U (2) i . We denote by U (1) k1,k2,l1,l2 this subgroup exp h. The isotropy action of U (1) k1,k2,l1,l2 with parameter θ has weights (exp ± √ −1(
. Note that ρ(U (1) k1,k2,l1,l2 ) can be written as U (1) p,q as in the proof of Proposition 3.1.7, case (i). Since the weights of the representation of U (1) p,q on R 7 are (1, exp ± √ −1pθ, exp ± √ −1qθ, exp ∓ √ −1(p + q)θ) coincide with the weights of the isotropy action of U (1) k1,k2,l1,l2 , we conclude that U (1) p,q must be either U (1) 0,4 or SO(2) 2,2 (cf. with the proof of Proposition 3.1.7, case (i)). So k 1 −k 2 = ±1 and l 1 −l 2 = ±1. Up to automorphism of G all these solution subgroups are equivalent, so we will take a representative U (1) k,k+1,l,l+1 of these solutions.
We compute N G (U (1) k,k+1,l,l+1 ) easily, by using the projection of this subgroup on each component (12) , A (12) )]. In the first case H = U (1) k,k+1,l,l+1 × Γ, where Γ is a finite subgroup of T 4 . Since the isotropy action of (exp
. In case k = 1 = l, a direct computation shows that the action of Ad (A (12) ,A (12) ) changes orientation of V 7 . Thus the examination of this case can be done as in the previous case with k = l. This proves the first assertion of Proposition 3.1.8. The second assertion follows by direct computation.
Now let us consider case (ii). An embedding exp
can be characterized by a triple (k, l, m) with k + l + m = 0 and (k, l) = 1. We denote this subgroup by U (1) k,l,m . The weights of the isotropy action of h on V are (0,
The group ρ(U (1)) can be embedded into SO(4) 3,4 by setting the coordinates p, q of this subgroup ρ(U (1)) in the maximal torus T 2 of SO(4) 3,4 whose basis is subgroups U (1) 0,4 ⊂ SU (2) 0,4 and SO(2) 2,2 ⊂ SO(3) 3,3 as above. Since the weights of the action of
To compute the normalizer N SU(3) (U (1) k,l,m ), as in the previous case, we observe that the connected component of Z SU(3) (U (1) k,l,m ) is T 2 . Applying the invariance principle, we conclude that N SU(3) (U (1) k,l,m ) leaves the torus T 2 invariantly. Hence N SU(3) (U (1) k,l,m ) is a subgroup of the normalizer N SU(3) (T 2 ) = T 2 ·Σ 3 . Arguing as in possibility 4, case (ii), we conclude that an element x ∈ Σ 3 normalizes U (1) k,l,m , only if x = Id, because (k, l, m) is regular. Thus N SU(3) (U (1) k,l,m ) = T 2 , for (k, l) = 1 and k = l. It is known that N SU(3) U (1) 1,1,−2 = SU (2) · U (1) 1,1,−2 . Now let us consider a disconnected Lie subgroup H whose identity component
where Γ is a subgroup of the maximal torus T 2 ⊂ SU (3). The same argument as in the previous case implies that the image of Ad T 2 is the maximal torus of SO (4) 3, 4 . This proves the third assertion of Proposition 3.1.8. Applying Lemma 3.1.5.ii we prove the assertion for the case k = l = 1. A direct computation of Z(G) ∩ H completes the proof of Proposition 3.1.8.
Possibility 6 with h = 0. In this case H is a finite subgroup of a compact group G dimension 7. ThusĜ is one of the following cases:
Clearly any group G listed above admits a G-invariant 3-form ofG 2 -type. Since T 7 is commutative, wee need only to verify in case (6ii) (resp. case (6iii)), whether there is a finite non-central subgroup (3)) is a subgroup of SO(4) 3,4 ⊂ G 2 . In case (6ii) the action of any element e ∈ ρ(H) on R 7 leaves a subspace R 5 invariant. On the other hand, any element e = Id ∈ SO(4) 3,4 is conjugate to an element in T 2 ⊂ SU (3) ⊂ SO(6) ⊂ SO(7), which cannot have its fixed point subspace in R 7 of dimension greater than 3. Thus ρ(H) consists only of the identity. In case (6iii), let SO(4) 3,4 be a maximal compact subgroup inG 2 containing ρ(H), whose existence follows from [14, Theorem 2.1, p. 256] (see also Lemma 2.1.3). We note that ρ(H) is a subgroup of SO(3) × SO(3) as well as a subgroup of Gl(R 6 ) ∩ G 2 = SU (3), (this is a consequence of the transitivity of the G 2 -action on S 6 ⊂ R 7 [3] , or see [8, §2] for an alternative argument), taking into account that SO(4) 3,4 is also a subgroup of G 2 by Lemma 2.2.2. Let V 1 = R 3 and V 2 = R 3 be invariant subspaces of ρ(H) and J be the complex structure on R 6 . There are two possibilities: either V 2 = JV 1 , or
In the first possibility ρ(H) is a subgroup of (SO(V 1 ) × SO(V 2 )) ∩ SU (3) = SO(3) 3,3 . In the second possibility ρ(H) is a cyclic subgroup of the form (x, x −1 ) ∈ SO(3) × SO(3). Clearly these subgroups belong to SO(4) 3,4 . Thus we get Proposition 3.1.9. i) Let H be a finite subgroup of T 7 . The action of T 7 on T 7 /H is effective, iff H = {e}. ii) Let H be a finite subgroup of a compact Lie group G = SU (2)×T 4 . The quotient space G/H admits a G-invariant 3-form ofG 2 -type, if and only if ρ(H) is central. iii) Let H be a finite not central subgroup of a compact Lie group G = SU (2) × SU (2) × U (1). The quotient space G/H admits a G-invariant 3-form ofG 2 -type, if and only if ρ(H) is a subgroup of SO(3) 3,3 or a cyclic group of the form (x, x −1 ) ∈ SO(3) × SO(3).
Classification theorem.
In this subsection we summarize our computation in the previous subsection in the following Theorem 3.2.1, taking into account our remarks before Propositions 3.1.7 and 3.1.8. We also provide a formula to compute the dimension of the space of all invariantG 2 -structures on a given manifold G/H, see Remark 3.2.2.d.
Theorem 3.2.1. Let G/H be a homogeneous space admitting a G-invariantG 2 -structure. We assume that G is a connected compact Lie group and G acts effectively on G/H. Then G/H is one of the following spaces
, or ρ(H) = Z k In this table, spaces have the same covering, if and only if they have the same numeration. We also use the notation P SU (3) for the quotient SU (3)/Z(SU (3)).
We now define the degree of rigidity of G/H as the dimension of the space of all G-invariant 3-forms ofG 2 -type on G/H, and we denote this degree by d 3 (G/H). This dimension is equal to the dimension of the space of all G-invariant 3-forms on G/H, since the GL(R 7 )-orbit ofφ is open in Λ 3 (R 7 ) * . Hence the degree of rigidity of G/H equals the dimension of the space of all ρ(H)-invariant 3-forms on V .
We have the following decomposition (see e.g. [3] , [28, table 5] )
where
is generated bỹ φ, the component Λ Other examples are the Wallach spaces in (5ii) with different (k,l). We refer the reader to [18, p. 466 ] for a precise formulation, when these Wallach spaces are diffeomorphic. c) As a consequence of our classification we get a new proof for a statement in [20] 
Compact homogeneous manifolds admitting invariant G 2 -structures
In this section we classify all homogeneous spaces G/H admitting a G-invariant G 2 -structure such that G is a compact Lie group and H is a closed Lie subgroup (not necessary connected) of G. Our strategy is similar to that one in the previous section. We also compute the dimension of the space of G-invariant G 2 -structures on G/H, see Remark 4.2.2.a.
4.1.
Reduction to a representation problem. We use the same method as in the previous section to classify all pairs (H ⊂ G) of a compact Lie group H in a compact Lie group G such that G acts effectively on G/H and G/H admits a G-invariant G 2 -structure. First we will classify all pair of the corresponding Lie algebras (h ⊂ g) such thatρ(h) ⊂ g 2 . Combining the list of maximal Lie subalgebras in g 2 and the list of Lie compact subalgebras in so(4) 3,4 in the previous section we get the following list of compact Lie algebrasρ(h) in g 2 1)ρ(h) = so(4) 3,4 ; 2)ρ(h) = so(3) with four possible embeddings into g 2 . In the first three cases (2a), (2b), (2c) we haveρ(h) ⊂ so(4) 3,4 , see also subsection 3.1. In the last case (2d) we haveρ(h) = so(3) 7 ; 3)ρ(h) = so(3) + R ⊂ so(4) 3,4 , 4)ρ(h) = R 2 ; 5)ρ(h) = R 1 = so(2) (there are infinitely many inequivalent embeddings of so(2) into so(4))
The first cases 1-5, except cases (2d), have been analyzed on the algebra level in the previous subsection 3.1. When lifting to the corresponding Lie subgroup we need to check whether the corresponding disconnected Lie subgroup H belongs to G 2 but does not belong to SO(4) 3,4 . Further, we notice that any subalgebra su(2) in su(3) ⊂ g 2 is conjugate to su(2) 0,4 ⊂ so(4) 3,4 or to so(3) 3,3 . (4)). This completes the proof of Proposition 4.1.1.
Let us consider the remaining cases. To handle the possibility (2d), we use our analysis in subsection 2.2. Case (2d) corresponds to case (2ii) with the associated embedding of so(3) → so(5) being a real irreducible representation of so(3) of dimension 5. Its connected subgroup in Spin(5) = Sp(2) is the subgroup SU (2) 4 , defined by the irreducible complex representation of SU (2) of dimension 4.
In possibility 6, the argument in the previous section yields that there is no new case.
In possibility 7, taking into account that dim g = 21, we conclude that g = so(7). In possibility 8, taking into account that dim g = 15, we conclude that g = su(4) or g = g 2 + R.
where G sc is a connected simply-connected semisimple Lie group. Suppose thatĜ/H admits aĜ-invariant G 2 -structure such that the action ofĜ is almost effective. Suppose that (H ⊂Ĝ) is not listed in Proposition 4.1.1. Then (H ⊂Ĝ) is one of the pairs listed below: Possibility (2d), H = SU (2) 4 ⊂ Sp (2) . The kernel of the action is Z(Ĝ) ∩ H = Z 2 . Possibility (7), H = G 2 · Γ ⊂ Spin(7), Γ ⊂ Z(Spin(7)) = Z 2 . The kernel of the action is Γ. Possibility (8), SU (3) · Γ ⊂ SU (4), Γ ⊂ Z(SU (4)) = Z 4 . The kernel of the action is Γ.
. The kernel of the action is Γ.
Proof. It suffices to consider the case of disconnected Lie subgroups H. We have examined cases 1-6, except (2d). Applying Schur's Lemma to possibilities (2d) and (7), we conclude that N Sp(2) (SU (2) 4 ) is SU (2) 4 and N Spin(7) (G 2 ) = G 2 · Z 2 . Applying the invariance principle to possibility 8, we conclude that N SU(4) (SU (3)) = S(U (3) × U (1)) and N G2×S 1 (SU (3)) = Z 2 [D 7 ] × S 1 . Using the decomposition S(U (3) × U (1)) = SU (3) · Z SU(4) (SU (3)), we conclude that the isotropy action of an element g ∈ N SU(4) (SU (3)) = S(U (3) × U (1)) belongs to G 2 , iff g = g 1 · h where g 1 ∈ SU (3) and h ∈ Z(SU (4)) = Z 4 . Finally we check easily that Ad D 7 does not belongs to G 2 , since (S 6 /Z 2 ) × S 1 is not orientable. This proves Proposition 4.1.2.
Classification theorem.
We summarize our examination in the previous subsection in the following Theorem 4.2.1. Let G/H be a homogeneous space admitting a G-invariant G 2 -structure. We assume that G is a connected compact Lie group and G acts effectively on G/H. Then G/H is one in Theorem 3.2.1 or one in the following list [5] . Case (5ii) has been examined by Cabrera, Monar and Swann [7] . In [11] Friedrich and his coauthors classified all simply-connected compact homogeneous nearly parallel G 2 -manifolds. We remark that a large part of homogeneous spaces listed in Theorem 4.2.1 are quotients of spaces listed in [11] .
Spaces G/H with high rigidity or with low rigidity
In this section we consider several examples of spaces G/H with high rigidity or low rigidity. Many of these examples are known, but we provide simpler proofs of some known results based on our classifications. We also present some new results. (7) . In other words invariant positive forms φ on these spaces are defined uniquely up to rescaling. These spaces are well studied before [3] , [11] . They are nearly parallel G 2 -manifolds, i.e.
(5.1) dφ = λ * φ for some constant λ = 0. We will give a brief explanation of this fact, which is close to the argument in [3] . It is easy to see that equation ( Since ρ(H) ⊂ G 2 , the above decomposition is invariant under the ρ(H)-action. Since d 1 = 0, the existence of a G-invariant 2-form on G/H is equivalent to the existence of a non-trivial centralizer c of ρ(H) in g 2 . Thus either h = so(3), or h = so(3) + R. In the first case, using our classification, we conclude that it is case (2cii) with h = su(2) 0,4 . Considering the decomposition of Λ 2 (R 7 ) * = Λ 2 (R 3 ⊕ R 4 ) * with respect to the representation of h = su(2) 0,4 , we conclude that there exists a vector in Λ 2 (R 3 ) * = R 3 ⊂ R 7 , which is invariant under the action of ρ(H). This contradicts our remark above that d 1 = 0. In the second case, since rk h = 2, we conclude that c lies in the component R ⊂ h. In fact it is case (3aiii). This proves the first assertion of Lemma 5.2.1, and it gives rise to a unique (up to rescaling) G-invariant 2-form ω on G/H as follows. We write H = H 0 · U (1). Let us consider the U (1)-fibration G/H 0 → G/(H 0 · U (1)) whose fiber is U (1)/(U (1) ∩ H 0 )). The form ω is the curvature of this non-trivial U (1)-fibration. Thus ω is a representative of a G-invariant 2-form which is unique up to rescaling. Since it is closed, Lemma 5.2.1 follows directly.
Theorem 5.2.2. Let G/H be a compact homogeneous manifold with d 3 (G/H) = 2. a) Any G-invariantG 2 -structure and any G-invariant G 2 -structure on G/H is coclosed. b) There exists a unique G-invariant nearly parallel G 2 -structure on G/H.
